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Abstract. In this paper we describe some advances in the knowledge of the behavior of aliquot sequences starting with a number less than 10000. For some starting values, it is shown for the first time that the sequence terminates. The current record for the maximum of a terminating sequence is located in the one starting at 4170; it converges to 1 after 869 iterations getting a maximum of 84 decimal digits at iteration 289.
For a positive integer n, let σ(n) denote the sum of the divisors of n, and s(n) = σ(n) − n. A perfect number is a number n such that s(n) = n, and an amicable pair of numbers is (n, m) satisfying s(n) = m, s(m) = n. In a similar way, cycles of numbers (a 1 , a 2 , . . . , a l ) such that s(a i ) = a i+1 for 1 ≤ i ≤ l − 1 and s(a l ) = a 1 are known as aliquot cycles or sociable numbers.
An aliquot sequence is {s k (n)} ∞ k=0 defined by taking s 0 (n) = n and s k+1 (n) = s(s k (n)). For one of these sequences, there are four possibilities: (i) it terminates at 1 (the previous term being a prime), (ii) it reaches a perfect number, (iii) it reaches an amicable pair or a cycle, (iv) it is unbounded. The Catalan-Dickson conjecture [1] , [2] says that (iv) does not actually happen. But other researchers disagree with this conjecture and think that there are unbounded sequences; in fact, the alternative conjecture from Guy-Selfridge [6] (see also [3] , [4] , [5] ) states that there are many sequences that go to infinity, perhaps almost all those that start at an even number.
The nicest way of disproving the Catalan-Dickson conjecture would be to find an n so that s k (n) > s k−1 (n) for every k. Although it seems likely that such n does not exist, H. W. Lenstra has proved that, for every k, there is an m so that m < s(m) < · · · < s k (m) (the proof is constructive and it can be found in [3] ). Several papers deal with the behavior of these sequences. The reader will find an extensive bibliography on this subject in [5] . But, before going on to explain our results, we will summarize the main computational advances in the study of aliquot sequences.
The smallest n for which there was ever doubt was 138, but Lehmer showed that the sequence terminates at s 117 (138) = 1. Since then, the first number whose behavior is not known is 276. But there are many other sequences whose end is in doubt. For instance, there are five main sequences starting in a number smaller than 1000 whose behavior is unknown (Lehmer five: 276, 552, 564, 660, and 966). Before the year 1980, there were fourteen main sequences starting between 1000 and 2000 (Godwin fourteen), but at the present time only twelve remain unknown (Godwin showed that the 1848 sequence terminates, as did Dickerman for the 1248 sequence). In [4] , a table is included showing the status of the sequences starting with numbers less than or equal to 7044. Finally, the latest results in this field can be found in Chapters B6 and B7 in [5] ; here it is stated that "we have found that those for 2580, 2850, 4488, 4830, 6792, 7752, 8862 and 9540 also terminate".
We have been checking the aliquot sequences for numbers under 10000. We have used PARI-GP 1 and, mainly, UBASIC, 2 and we have run the programs on about twenty computers from the Universidad de La Rioja and the Instituto P. M. Sagasta (Logroño, Spain) for about two years, mostly during nights and weekends. The main factoring method used has been a combination of both the elliptic curve and the multiple polynomial quadratic sieve algorithms, and we have checked the primality of the factors with the APR primality test. Besides, we wanted to avoid unexpected errors so we have made a further check of the files containing the sequences. For this task, we have written a program using the MIRACL 3 package. This program allows us to verify the already computed sequences easily and quickly; we have executed this program on other computers than the ones used to calculate the sequences.
For any sequence, we have stopped the calculations when both of the following happen: (i) it has a driver (see [6] ), which implies that it is in a stable increasing situation, without immediate hope of finding its end; (ii) it has reached a term big enough (75 digits) and whose factorization is not easily found. To increase the number of digits of a sequence may require a lot of iterates, and we are dealing with more than 80 sequences. This involves a very large amount of computer time. For instance, we spend about three quarters of an hour to factor a number with 60 decimal digits in a Pentium 100 computer with the multiple polynomial quadratic sieve algorithm; similarly, one hour and a half for one with 65 digits, 5 hours for one with 70 digits, 18 hours for one with 75 digits, one day and a half for one with 80 digits, 4 days for one with 85 digits, and two weeks for one with 90 digits. So, finally, we stopped computing on February 13, 1997.
In our study, we have achieved several advances over the results of the aforementioned authors. Some of our conclusions follow:
• We have increased the number of iterations in each sequence. In all the cases, the last term reached has at least 75 decimal digits.
• In connection to the most pursued sequence, the one beginning with 276, we have reached 913 iterates without finishing. We have stopped at a term that has 90 decimal digits. Also, we have made a special effort with Lehmer and Godwin sequences. • The sequence starting at 8262 converges to 1 after 773 iterations, 317 being the previous prime. Its maximum is a number of 84 decimal digits. It is a new record for the maximum of a terminating sequence (the previous record was the 1248 sequence, which terminates after reaching a maximum of 58 digits). We found it on December 22, 1996.
• Among the sequences that finish in a cycle, the one that reaches the largest maximum is the one starting at 7422. Finally, in Table 1 we summarize our work with aliquot sequences starting with n < 10000. In this table we show the main sequences whose status is yet unknown (by main we mean that all the other sequences with unknown end merge with any sequence in the table; in this case, we only show in the table the sequence that starts in the smaller number). We also include the number of decimal digits of the last term s k (n) reached for each sequence and the driver in that stage. This table is similar to the one in [4] , but now the last term computed for every item is between 10 20 and 10 40 times bigger (also, the last number analyzed in [4] is 7044). It is important to note that, for every sequence in the table, we have given up computing iterations at a number containing not only a guide, but also a driver. As a consequence, no sequences are expected to start decreasing after only a few iterations.
The complete computations used to work out this table, and the last term reached for any sequence, can be obtained from the authors upon request. Also, they are available by anonymous ftp from navalsaz.unirioja.es in the directory /pub/aliquot. Equally, we have created a web page about aliquot sequences: http://www.unirioja.es/dptos/dmc/jvarona/aliquot.html. This provides a good starting point for future work. 
